Introduction
Hodge theory is a fundamental tool of Kähler geometry. It represents cohomology classes by harmonic forms, and deriving properties of these harmonic forms then in turn yields information about the cohomology. Homology or cohomology groups, however, contain only partial information about the topology of a manifold. The most important topological invariant of a manifold X is the fundamental group π 1 (X). Via the Albanese period mapping, π 1 (X) acts as a lattice on some vector space. We thus have an abelian representation of π 1 (X) yielding the first homology group. In order to obtain further information about the topology via π 1 (X), it is then natural to also study nonabelian representations of π 1 (X). In the same way as the Albanese period map is harmonic (this is essentially the Hodge theorem for 1-forms), for a nonabelian representation, one tries to construct an equivariant harmonic map u and to study its properties. In the case of a compact Riemannian, Kählerian, or algebraic manifold, this theory is already well developed and too extensive to be reviewed here.
Many manifolds naturally arising in geometry, however, are noncompact. Here, we want to discuss the case of quasiprojective manifolds, i.e. those that can be compactified by adding a divisor at infinity. The local topology around infinity may be quite intricate, and much of it gets lost when passing to the compactification. Iitaka [I] extended the Albanese map to quasiprojective varieties. The harmonic map theory was extended to the quasiprojective case by , [JY3] , and Jost-Zuo [JZ1] , [JZ2] . These papers, however, deal with a situation where one can construct a harmonic map of finite energy, and this requires some additional assumptions about the representation of π 1 (X) near infinity. In the onedimensional case, harmonic maps of possibly infinite energy have been produced and used by Simpson [S1] , and in a different context by Wolf [W] and Lohkamp [Lk] . There were two interconnected reasons for working with finite energy maps. The first one is that their existence can be shown by a variational method. The second one is that they can be well enough controlled in order to be able to integrate Bochner type identities with finite results that allow one to deduce the vanishing of the individual terms because of sign conditions resulting from curvature assumptions. In particular, in the context where the theory is applied in Kähler geometry, such maps turn out to be pluriharmonic. This means that their restriction to any complex subvariety is again harmonic. This condition in fact is independent of the particular Kähler metric chosen on the domain, and it gives rise to a certain holomorphic foliation of the domain first discovered in [JY1] . Under additional assumptions, Siu's Bochner identity [Su1] even implies that the map is ±holomorphic. From these two facts, one then deduces rigidity results that will be described in more detail below.
The main technical achievement of our work that is described in this note is an existence result for pluriharmonic maps of possibly infinite energy. This result will be described in §1. In §2, we complete the harmonic map approach to Margulis superrigidity for lattices in bounded symmetric domains. In §3, we present results on the factorization through lower dimensional varieties of archimedean and p-adic representations of fundamental groups of quasiprojective manifolds.
Detailed proofs of our results will appear elsewhere [JZ3] . [GS] .)
Existence of pluriharmonic maps Theorem 1. Let X be a smooth quasiprojective variety. Let Y be either a symmetric space of noncompact type or a locally compact Euclidean Tits building (with isometry group operating transitively on the set of vertices). Let
ρ : π 1 (X) → I(Y )D * := {z ∈ C : 0 < |z| < 1}.
W.r.t. the (noncomplete) Euclidean metric on
The following definition was suggested by Scot Adams.
Definition. Let Y be a complete, simply connected, locally compact space of nonpositive curvature with isometry group I(Y ). Let Γ be a group, ρ : Γ → I(Y ) a homomorphism. ρ is called reductive if there exists a complete totally geodesic subspace Z of Y stabilized by ρ(Γ) with the following property:
For every totally geodesic subspace Z of Z that has no Euclidean factor, ρ(Γ) does not fix any point in the sphere at infinity of Z , i.e. is not contained in a parabolic subgroup of the isometry group of Z .
In geometric terms, this means that there does not exist an unbounded
for all γ ∈ ρ(Γ), with a constant depending on γ, but not on n. Semisimple representations are reductive.
For simplicity of notation, we shall often consider u as a map from X into N := Y /ρ(π 1 (X)) although N may be singular. Energy functionals E can be computed on a fundamental region for X inX.
We now outline the proof of Theorem 1: We denote the distance function on Y by d(·, ·). We assume here that all elements g of ρ(π 1 (X)) are hyperbolic or elliptic, i.e. that is achieved. If this infimum is not achieved then our subsequent estimates will hold with some additional error term. This term is bounded because of the special geometry of our target (for example, on symmetric spaces all Jacobi fields decay exponentially). This in fact is the reason why our constructions do not work for more general target spaces of nonpositive curvature.
Our proof proceeds by an induction on the dimension of X. We therefore first recall the analysis of Wolf [W] and Lohkamp [Lk] for complex dimension 1. We let Σ be a curve with a puncture. The analysis is local near the puncture, and we represent a neighborhood of the puncture conformally as
For r > 0,
By our above assumption, under ρ, the curves {t} × S 1 correspond to an elliptic or hyperbolic element, and so the image can be deformed to a point or a closed geodesic γ in N . We map S 1 onto γ proportionally to arclength via a map g γ . There then exists a harmonic map
since Σ r is compact. We want to obtain the desired harmonic map u : Σ → N as lim r→∞ u r . In order to show the existence of this limit, the maps u r need to satisfy estimates on Σ s for fixed s that are independent of r as r → ∞. For that purpose, we construct a comparison map
where π : A → S 1 is the obvious projection, and extending v to all of Σ as a Lipschitz map in the homotopy class determined by ρ. With v r := v| Σ r , κ 0 := E(v| Σ\A ) (E = energy), (γ) := length of γ E(u r ) ≤ E(v r ) since u r is energy minimizing
since one easily verifies that v r is absolutely energy minimizing in its free homotopy class on A r \ A s
This implies
which is independent of r as desired. This estimate also implies the estimate (1) for the limit map u. We also observe that in case l(γ) = 0, i.e. if ρ({t} × S 1 ) is elliptic or trivial, u will have finite energy, and it will therefore extend through the puncture. As we shall see from our subsequent reasoning, the same will be true in higher dimensions. Therefore, when we consider a nonsingular compactificationX of X with D :=X \ Xas divisor at infinity, we may enlarge D by adding other divisors D inX with nonempty intersection with X. ρ induces a representation ρ of π 1 (X \D ), but the ρ-equivariant harmonic map on X \ D that we shall construct will then extend as a harmonic map to all of X. Enlarging D if necessary, we may therefore assume that D is contained in a linear system L, i.e. that D is in the closure of the zero set of a meromorphic function s on X. For generic δ = 0, the level set |s| = δ is then fibered by nonsingular hypersurfaces X c = {z ∈ X : s(z) = c}. By induction hypothesis, we may assume that on each X c , we have a pluriharmonic map u c with the correct growth behaviour at infinity. The uniqueness results for harmonic maps also allow one to let these maps depend smoothly on c with |c| = δ. We put X δ := {z ∈ X : |s(z)| > δ} and solve the Dirichlet problem for a harmonic map u δ : X δ → N with boundary values u δ | X c = u c . Although X δ need not have compact closure in X, because L may have base points, one may verify that there exist finite energy maps in the class under consideration, and u δ may therefore be obtained by minimizing energy.
Lemma. u δ is pluriharmonic.
For the proof, motivated by [Wd] , [NS] , [Su2] , one integrates Siu's Bochner identity [Su1] over X δ . The integration by parts yields a boundary term which however vanishes because the boundary values are harmonic on the X c and because ∂X δ is Levi flat. Due to the possible noncompactness of ∂X δ , one also needs an additional cut-off argument in order to exclude divergence of the various integrals involved. Letting δ → 0 then produces the desired pluriharmonic u : X → N . If X and Y /Γ are compact, this was shown by Siu [Su1] . In the general case, it was shown by , [JY3] with an additional technical assumption on a compactificationX of X needed to ensure the existence of a finite energy map. Theorem 2 is proved with the help of the pluriharmonic map u of Theorem 1 and some Schwarz lemma type arguments.
Strong rigidity of lattices in
Theorem 2 generalizes Mostow-Margulis superrigidity in the Hermitian case for archimedean representations. Since Theorem 1 also holds for Tits buildings as image, nonarchimedean representations can be treated as well. This point will be discussed in the next §.
Representations of π 1 of algebraic varieties
Let G ⊂ Sl(r, K) be a simple linear algebraic group over the ground field K, R(G) := {ρ : π 1 (X) → G} the set of representations, M B (G) := R(G)/G the moduli space, where G acts by conjugation. For α ∈ π 1 (X), ρ(α) can be considered as a matrix over K, and so it has a characteristic polynomial. Fixing the characteristic polynomials for short loops around the components of the divisor D :=X \ X at infinity leads to a natural stratification of the affine variety M B (G).
As in [Z1] , [Z2] , [JZ1] , [JZ2] , we may deduce rather strong factorization properties for representations that are not rigid or bounded. The proofs use the pluriharmonic map u of Theorem 1 and the holomorphic fibration associated to it, as well as the constructions of [JZ2] Simpson [S2] .)
